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Applying this to the Hermitian matrix A,

6 det A/aa,d - iakl b”( det A - ialk bkl det A, (A6)
which after some simplification becomes
o det A/day, = 2lay byl sin(B, —a,) det A, (47)
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Abstract

Structural work on the three modifications of sodium
hydroxide is reviewed. The monoclinic and cubic
modifications were determined with neutron and X-ray
diffraction, respectively. The phase-transition tem-
peratures were determined by specific-heat measure-
ments. The cubic to monoclinic transition is a first-
order transition with a freezing of the rotational motion
of the OH (and OD) groups. The monoclinic axes a, b
and ¢* tend to be oriented parallel to the original cubic
directions [112], [110] and [111], respectively. The
orthorhombic to monoclinic transition is a nearly
continuous displacive phase transition with a soft
acoustic shear mode. The order parameter is the
homogeneous shear of the crystal in the a direction. Its

0567-7394/82/040470-07$01.00

temperature dependence is described within Landau
theory.

1. Introduction

The low-temperature orthorhombic modification of
NaOH was determined by Ernst (1946) with some
speculations on the position of the hydrogen atom.
Stehr (1967) determined the H positions with neutron
scattering and found a monoclinic modification P2,/m
at higher temperatures. Bleif (1971) found from
specific-heat measurements and X-ray diffraction
patterns that there are three different modifications as a
function of temperature, the high-temperature phase
being cubic Fm3m, as suggested by West (1935). The

© 1982 International Union of Crystallography
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three different structures of NaOH (and NaOD) are
shown in Fig. 1 and the corresponding parameters are
summarized in Table 1. The face-centered monoclinic
unit cell depicted in Fig. 1 shows the close relationship
between the orthorhombic and monoclinic structures.
For display purposes, the origin was chosen at the
oxygen site. In Fig. 4 and Table 1 the origin is at a
center of inversion. Starting from the cubic
modification, the monoclinic and orthorhombic struc-
tures could be reached by displacing (001) double
layers in the [110] direction. In fact, the cubic to
monoclinic transition proceeds somewhat differently
(see § 6). In the orthorhombic and approximately also
in the monoclinic phase, Na, O and H form linear
groups perpendicular to the (001) plane. The layers still
have the NaCl structure with respect to Na and O, and
they are stacked along ¢* with an interval of about
5.7A.

The transition between the monoclinic and the cubic
modification is discontinuous. The heat involved in the
transformation is 6-36 kJ mol~! (Douglas & Dever,
1954) and is equal to the melting enthalpy. The OH
groups must be orientationally disordered in the cubic
phase to fit into the cubic symmetry, and the great heat
of transformation is characteristic of the onset of
rotational motion. The orthorhombic to monoclinic
transition is due to an almost continuous displacement
of successive layers in the a direction, which increases
with temperature up to a value of 0-14 times the lattice
constant (corresponding to a shear angle of 5°). It is
shown in § 7 that the phase transition can be described
within Landau theory. There are differences in the
temperature dependence of the order parameter be-
tween single crystals and powder specimens. This can
be accounted for by introducing an external field H into
the Landau free-energy expansion, which couples to the
order parameter.

'n
3
w
3

0@ @

Rengy

(OO0
82020
OO0

[001]

NaOH
NaOH

S1LK
500K

Fig. 1. Crystalline modifications and transition temperatures of
NaOH and NaOD. The O—H distance is about 0-9 A, so that
the proton is within the ionic radius of O?~. Solid and dashed
lines represent atoms at y = 4 and —4, respectively. The choice of
the origin for the orthorhombic and monoclinic structures is
non-standard and is different from the choice adopted in Fig. 4
and Table 1.
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Table 1. Structural data for three crystalline modifi-
cations of NaOH

The temperature factor is

T = exp[—27% (U, h%a*? + U,,k*b*? + Uylic*? + 2U,, hka*b*
2U shla*c* + 22U, kib*c* ).

Orthorhombic Bmmb (=Cmcm), Z = 4

X-ray and neutron data from Stehr (1967), T = 298 K
Na,Oand Hatd(c): Hz, #H + 2z, Bz, ¥ -2
a=3-401 (1).b = 3-401 (1).,c = 11-382 (5) A

X y z U, U, Uy
Na 0-25 0-25 —0-087 (1) 0-020 (5) 0-020 (5) 0-015 (6)
o] 0-25 0-25 0-117(1) 0-013 (5) 0-013 (5) 0-017 (6)
H 0-25 0-25 0-197 (1) 0-07(2) 0-07(2) 0-016 (6)
R=I[Y(F,— F)/X F3 ' = 7%

O-H center-of-mass distance 0-91 (1) A, probable bond length 0-98 A

Monoclinic P2,/m, Z = 2

Neutron diffraction data (§ 5), T= 535K

Na, O and H at 4(e): z}z, x}z

a=3-435(3), b =3-445(3),c = 6-080 (5) A; B = 109-9°

X J z Uy Uy, Uy Uy
Na 0-141(3) 0-25 —0-179(2) 0-038 (5) 0-030(6) 0-056 (6) 0-018 (4)
[¢] 0-400 (2) 0-25 0-236 (2) 0-045(5) 0-030(6) 0-044(5) 0-019(3)

H 0-462 (5) 0-25 0-389(3) 0-10(1) 0-11(1) 0-053(8) 0.021(8)
Linear absorption coefficient u = 1-38 cm ', R = 6%

O—H center-of-mass distance 0-87 (1) A, probable bond length 0-96 A

Cubic Fm3m,Z =4
X-ray data (§4), T = 578 K
Na at 000, OH (OD)at $4:a = 5-10(2) A

NaOH u?y (A NaOD Uty (A%
Na 0-18(2) Na 0-15(2)
o 0-09 (1) o 0-08 (1)

2, Experimental

NaOH was supplied by Merck, Darmstadt, with a
purity of 99%, the main impurities being H,O and less
than 1% Na,CO,. NaOD was prepared by the reaction
of Na,O with D,O. The crystals were grown by cooling
the melt according to the Bridgman and Kyropoulos
method in crucibles of gold, silver and also Ni and
Al,0,. During the cooling process the crystals undergo
two phase transitions, and hence their quality was
generally poor. Most domains had a volume of only 0- 1
to 0-3 cm?® and a mosaic spread of 1 to 2°. The melt
was kept in vacuum at 720 K for several hours, in
order to reduce the H,O content. The preparation of
the crystals was done in a glove box in an atmosphere
free of H,O and CO,. The specific heat was deter-
mined by heating or cooling the sample at a roughly
constant heat flow, and by numerical differentiation of
the temperature curve. The temperature scale was
calibrated by the melting points of Pb (600-6 K), Bi
(544-2 K) and Sn (505.-0 K). The accuracy of the
energy scale is 20%. The lattice parameters and the
temperature dependence of the monoclinic angle of
powder samples were measured on a Philips powder
diffractometer using filtered Cu radiation and Bragg—
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Brentano focusing geometry. For the determination of
the monoclinic order parameter of single crystals,
samples with a mosaic spread of 0-1° were selected.
The monoclinic angle was obtained from «w scans over
the orthorhombic 200 reflection, which splits into two
monoclinic 201 reflections by the formation of twins. In
the cubic modification, rotating-crystal photographs
were taken using Mo Ka radiation.

For the X-ray experiments, the crystals were sealed
in thin-walled glass tubes of diameter 2 to 4 mm, or in a
small vacuum chamber with Mylar windows. For the
neutron diffraction experiments, the sample was
enclosed in an Al tube with a wall thickness of 0-15
mm. The monoclinic sample had lengths of 3-5, 8 and 1
mm along a, b and c*, respectively, with a mosaic
spread of 1°, and it was twinned according to (001).
The neutron experiments were performed on the
four-circle diffractometer P32 at the reactor FR2 in
Karlsruhe using a wavelength of 1-035 A.

3. Lattice parameters and specific heat

The temperature dependence of the lattice constants is
shown in Fig. 2. The parameters a and » of NaOH and
NaOD are equal within the error limit of 0-1%. The
interlayer distance is smaller in NaOD by 0-3 to 0-6%.
At the orthorhombic to monoclinic transition tem-
perature, the interlayer distance csinf decreases
rapidly. The temperature dependence of the mono-
clinic angle f is discussed in § 7. The orthorhombic
unit-cell parameters refer to space group Bmmb, which
is derived from the standard setting Cmcm given in
International Tables for X-ray Crystallography (1969)
by interchanging b and e¢. With this choice, the
transition to the monoclinic space group P2,/m is
simply described by the change of the angle .

The specific heat of NaOH is shown in Fig. 3 and a
similar curve is obtained for NaOD. The diagram gives
the phase transition temperatures and allows one to
determine the concentration of H,0 and Na,CO,
impurities using the results of Morey & Burlew (1964).

575

(A
570 NaOH ¢ xsinfi

NaOD
565 |

= b ~

S ’éa
NaOH and NaOD

30

300 200 500
TEMPERATURE { K |

Fig. 2. Temperature dependence of the lattice constants a, b and
the interlayer distance c sin # of NaOH and NaOD.

STRUCTURAL PHASE TRANSITIONS OF NaOH AND NaOD

The four peaks in the diagram correspond to the
melting point, the cubic to monoclinic transition, the
eutectic point of the system NaOH-Na,CO, and the
monoclinic to orthorhombic transition. The melt begins
to solidify at 591 K. As a consequence of impurities
(mainly 0-4 wt% Na,CO,), the melting point is
depressed by 1 K. Since Na,CO, is not soluble in solid
NaOH, it successively lowers the melting point of the
remaining part of the melt, resulting in a low-
temperature tail of the peak.

The cubic to monoclinic transition is well defined
and this peak has been known from differential thermal
analysis curves since the work of von Hevesy (1910).
According to Morey & Burlew (1964), up to 2 mol%
water are soluble in the cubic phase. Near 559 K the
melt contains about 22:6 wt% Na,CO;, 77 wt%
NaOH and probably 0-4 wt% water, since the freezing
temperature is 2 K lowér than the temperature of the
binary eutectic between NaOH and Na,CO,. This
would correspond to & total of 0-01 wt% H,O
impurity. The low-temperature tail is due to the
insolubility of H,O in solid NaOH and Na,CO;. The
peak area corresponds to a total of 0-4 wt% Na,CO,
impurity. Since it is not soluble in the crystals, it should
not affect the crystal structure determinations. Table 2
gives the phase transition temperatures as determined
by different authors.

Table 2. Transition temperatures of NaOH in K:
orthorhombic to monoclinic transition T,_,,, monoclinic
to cubic transition T,,_., melting temperature Ty and
the eutectic temperature T, of the system NaOH-

Na,CO,
Tyom T, e T, References
572.8 591-6 von Hevesy (1910}
559 567 593 * Seward (1942). Eutectic 22wt% Na,CO,
566 592 * Douglas & Dever (1954)
572 595 Reshetnikov & Vilutis (1959)
559 570 594 Cohen-Adad. Michaud. Said & Rollet (1961).
Eutectic 23 wt% Na,CO,
561-1 566 592 * Morey & Burlew (1964).
Eutectic 227 wt% Na,CO,
(572-8) (591.6) Stehr (1967). Values are taken
from von Hevesy (1910}
513 567 593 Bleif (1971)
518 570 594 Papin & Bouaziz (1973)
514 566 592 * Present paper

* Temperature scale has been calibrated by the melting points of metals and the
temperatures have been extrapolated to zero Na,CO, content.

i [ 1
mon.-cubic melting point
100 transition 7
50 b8
E
& 20
2 o} eutectic
H NaOH-Na,CO,
- 5 orh.-mon.
transition
2k

' 4 b
ol . . . 514 558-7566 591,
400 450 500 550 600
TEMPERATURE (K )

Fig. 3. Temperature dependence of the specific heat of NaOH.
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4. Cubic structure

X-ray diffraction results for cubic single crystals are
shown in Tables 1 and 3. The intensities were taken
from rotating-crystal photographs with rotation axis
[100] for NaOH and [111] for NaOD. The pre-
dominant features on the photographs are the rapid
decrease of the Bragg intensities with increasing
diffraction angle, and the diffuse rods passing through
the Bragg reflections. This means that there is appreci-
able thermal motion of the atoms. Since the X-ray
scattering of H is negligible, no direct information on its
distribution can be obtained. From the symmetry
Fm3m one can conclude, however, that the protons
cannot be localized at a given lattice site, but have to
reorient themselves among symmetrically equivalent
sites in order to achieve effective cubic symmetry. The
assumption of a reorientational motion of the OH
groups is supported by the large heat of trans-
formation observed at the monoclinic to cubic
transition.

5. Monoclinic structure

The monoclinic structure was determined from neutron
diffraction data at a temperature of 535 K, the
distortion of the orthorhombic unit cell being 3-5°. The
results of a least-squares structure refinement of 140
non-equivalent reflections are summarized in Table 1.*
An absorption correction was applied, taking into
account the actual shape of the crystal. The cal-
culations were performed with the XRAY 70 program
system (Stewart, Kundell & Baldwin, 1970), with an
absorption correction option implemented by G.
Kopfmann.

The systematic absence of 0kO reflections for odd
values of k leads to the space groups P2,/m or P2,.
The structure refinement was done for the space group

* Lists of structure factors for the monoclinic modification have
been deposited with the British Library Lending Division as
Supplementary Publication No. SUP 36681 (2 pp.). Copies may be
obtained through The Executive Secretary, International Union of
Crystallography, 5 Abbey Square, Chester CH1 2HU, England.

Table 3. X-ray structure factors of the cubic modifica-

tion of NaOH and NaOD
NaOH NaOD
hkl F, F, F, F,
200 38 38 39 39
220 21 20 22 22
222 11 11 14 13
400 6 7 7 8
111 2 2 3 3.5
113 0 1 1 0.5
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P2, /m with all atoms located on the mirror plane at y =
0-25. A possible deviation from this special position
would reduce the space-group symmetry to P2,, and
should show up in an anisotropic temperature factor
with increased U,, components, which is, however, not
observed. Fig. 4 shows the monoclinic unit cell with
ellipsoids of thermal motion. The H ellipsoid indicates
that, for the proton, a riding motion on the oxygen can
be assumed. According to Busing & Levy (1964), this
results in a probable OH bond length of 0-96 A, the
observed center-of-mass distance being 0-87 A. Stehr
(1967) has determined a projection of the monoclinic
structure onto the (010) plane. His results are internally
inconsistent, but can be brought into agreement with
the present values by referring the atomic coordinates
to a monoclinic unit cell with = 77° instead of 110°.

In comparing the monoclinic and orthorhombic
modifications, one finds that the phase transition
consists of a shear of the orthorhombic structure of
3.5%, with the layers conserving the rock-salt structure
with respect to Na and O. The Na—O direction
becomes only slightly tilted by 0-6° in the opposite
sense to the shear motion. The O—H direction makes
an angle of 7° with the normal of the layer, and thus
follows the shear motion of the crystal.

The parameters for the orthorhombic structure in
Table 1 are taken from Stehr (1967). The primitive unit
cell of the orthorhombic modification is obtained from
the face-centered cell by the transformation

a 1 0 0 a
b =| O 1 0 b
€/non \-0:5 0 0:5/\c/

and the angle S becomes 106-6°.

Fig. 4. Monoclinic unit cell of NaOH at T = 535 K with 50%
probability ellipsoids of thermal vibration.
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6. Relationship between monoclinic and cubic unit
cells

The cubic to monoclinic transition proceeds dis-
continuously and single crystals usually become poly-
crystalline. The OH groups become aligned along the
monoclinic axis ¢*. It was observed on rotating-crystal
and Weissenberg photographs that the monoclinic
domains tend to maintain a well defined orientation
with respect to the original cubic single crystal. The
transition was found to proceed in such a way that the
monoclinic reciprocal axis ¢* is parallel to the cubic
body diagonal [111], the axis b is parallel to the cubic
face diagonal [110] and a is parallel to [112]. Fig. 5
shows two types of monoclinic domains (solid lines)
with the unique axis b perpendicular to the cubic (110)
plane. To visualize the actual deviations from the
orthorhombic structure, the face-centered monoclinic
cells are shown (see Fig. 1). A shear of the crystal in
the [110] direction by 12° would also lead to the
monoclinic structure, but this does not occur in
practice. The motions of the atoms associated with this
transition could not be determined, but they might be
confined to the cubic (110) plane, since in the direction
perpendicular to this plane the crystal already has the
appropriate periodicity. The displacements would then
occur in the same plane as in the orthorhombic to
monoclinic transition. The reiative orientation of ortho-
rhombic, monoclinic and cubic unit-cell vectors is
summarized in the following matrix equation

a/a a/a
oo| =| b
c/c orh C*/C* mon
) —1 -1 2\ /a/a
=7 V3 =3 ol{u
\/i \/5 \/E C/C‘ cubic
a'sr ~ ANa'
/ N . [001] . 7 N\
N A N 4 P
N N P e
c S N . . 4 - c
N py= <+ (110)
NN ¢’z z

Fig. 5. Relation between cubic and monoclinic unit cells of NaOH
and NaOD. Solid lines show the face-centered unit cell of two
different monoclinic domains. Dashed lines show monoclinic
twins, which develop at the orthorhombic to monoclinic
transition.

STRUCTURAL PHASE TRANSITIONS OF NaOH AND NaOD

As the temperature decreases from 566 to 514 K
(561 to 500 K for NaOD), the monoclinic angle of the
face-centered cell decreases from 95 to 90°. On heating
up again, each orthorhombic domain splits into
monoclinic twins as shown by the dashed lines in Fig.
5. Weissenberg photographs clearly show that these
twins are not formed at the cubic to monoclinic
transition. The twins are related by a mirror plane
perpendicular to ¢*, which is parallel to the former
cubic [111] direction. Since there is no mirror plane
perpendicular to [111], this also shows that no such
twins are formed. This argument also implies that a
twinned monoclinic sample does not transform into a
cubic single crystal. Furthermore, the transformation
relations offer an explanation for the remarkable
hysteresis observed in the temperature dependence of
the monoclinic order parameter of powder samples and
the smearing of the monoclinic to orthorhombic phase
transition temperature (see § 7). As a function of
temperature, a monoclinic crystallite has to shear by 5°
in one direction, and this obviously introduces appreci-
able stress in the powder sample. If the crystallite
consists of twins, the shear motions of the different parts
are compensating each other so that the shape of the
crystallite can remain unchanged. In going from the
orthorhombic to the monoclinic phase, stress is
essentially removed by an appropriate twinning.

7. Orthorhombic to monoclinic phase transition

7.1. General

The transition from the orthorhombic, low-
temperature phase to the monoclinic modification is
due to a spontaneous shear of the crystal in the a
direction (Stehr, 1967). With increasing temperature,
the shear angle continuously increases up to 5° near
566 K. A shear of 17° would lead to the cubic Fm3m
structure for Na and O. It is interesting to compare
NaOH with NaF, which has space group Fm3m at all
temperatures. The F~ ion is of similar size to the OH™,
but it is spherically symmetric. One might expect that
OH™ approaches the behavior of F~ if, with increasing
temperature, the anisotropy of the OH dipole is
effectively reduced by thermal motion. Thus the
transition might be looked upon as a first step towards
the Fm3m structure, caused by a decrease of the OH
dipolar character with increasing temperature. The
displacement of successive layers in the a direction is
favored by the stacking sequence in both modi-
fications. It can be seen from Fig. 1 that the OH dipoles
of neighboring layers approach each other when the
layers are displaced in the b direction, whereas they
move tangentially to their nearest neighbors when the
displacements are in the a direction. Without external
forces, displacements in the directions +a and —a are
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equivalent, which results in a twinning of the mono-
clinic samples.

The order parameter # is the shear of the crystal in
the a direction and corresponds to the change of the
monoclinic angle B. Its temperature dependence has
been determined from the diffraction angles of the

- monoclinic reflections 112 and 113 and also from w
scans over the 200 reflections of both twins. With single
crystals no hysteresis could be detected at a tem-
perature resolution of better than 0-01 K. Probably
because of strains or sample dependent inhomo-
geneities, the reflections are broadened in the tem-
perature range of 7, + 0-5 K, with a reproducible
‘coexistence’ region of monoclinic and orthorhombic
phases of about 0-05 K. Powder samples show a
hysteresis of 1-5 K, which is reduced to about 0-1 K
after several temperature cycles.

7.2. Landau expansion

According to Folk, Iro & Schwabl (1976a,b) and
Cowley (1976), Landau theory should correctly des-
cribe structural phase transitions in which the elastic
deformation is the primary order parameter. The
difference in the free energy of the two modifications is
expanded in powers of the order parameter (see, for
example, Blinc & Zeks, 1974). A shear in +a and —a
directions is equivalent, so that, in general, odd powers
of # are not contained in the expansion. The following
expansion was used:

g=Hn+3An + {Brf + 3Cnf°

with
AT =A4,(T,—T)
and
B(T)=B,+ B,(T,—T).

The low-temperature modification of NaOH has the
higher symmetry, so that the temperature dependence
of the order parameter is reversed compared to most
other structural phase transitions. T, is the stability
limit of the high-symmetry phase. The actual transition
temperature, T,, differs from T, if the transition is
discontinuous.

In addition to the usual expansion, a temperature
dependence of the coefficient B of the fourth-order term
had to be taken into account. The sixth-order term is
necessary because the transition is discontinuous. Its
coefficient C is assumed to be temperature inde-
pendent. In order to describe the smearing of the
transition temperature of the powder samples, an
external field parameter H is introduced in the Landau
free-energy expansion, which directly couples to the
order parameter. The temperature dependence of # is
determined by the condition

2
@=0 and Q=x">0.
on on?
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The inverse susceptibility, y—*, corresponds to the elastic
shear modulus, c¢g,. The least-squares fit of the
experimental data to the relation

Hy '+ A,(Ty—T) + [By+ B,(T,— TIn* + Cn*=0

was done by fitting the temperature, 7, as a function of
the order parameter, #. The influence of the experi-
mental errors and of the non-uniform separation s of
the data points was taken into account by the weights

o]

with the experimental errors AT = 0-1 K and 4y =
0-1°.

Three different data sets were simultaneously fitted
to the above expression with individual external field
parameters H. The results are plotted in Figs. 6 and 7.

The following parameters were obtained from the fit,
with the estimated standard deviations given in units of
the last digit (the constant 4, is set equal to 1):

Transition temperature, measured with thermocouple
calibrated with the melting point of Sn (505-0 K):
T.=514-7(2)K

Stability limit of the orthorhombic phase: T, = T, +
0-6 (DK

Strain-field parameter for powder samples

cooled down from the cubic phase: H = —0-87 (4)
for annealed powder samples: H = —0-22 (3)
for single crystals: H = —0-025 (3)

Expansion coefficients: B, = —1-3 (1), B, = 0-18 (1),

C=0-53(2).

The transition turns out to be discontinuous with a
jump of the shear angle of about 0-9°. In Fig. 6 this is
expressed by the negative slope of the calculated order
parameter. The phase transition temperature is 0-6 K
below the stability limit. The external field parameter
for the single-crystal data is small and is observed
experimentally as a reversible broadening of the
reflections prior to the splitting. When cooled down
from the cubic phase, the powder samples show a
remarkable hysteresis of 1 K, which disappears once

~

w

SHEAR ANGLE (deg)
'~

520 530 540
TEMPERATURE (K

Fig. 6. Order parameter of the orthorhombic to monoclinic
transition of NaOH single crystals.
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the sample has been in the orthorhombic modification.
As mentioned in § 6, this is explained by a mutual
hindrance of the crystallites during their shear motion,
which is greatly relieved as soon as monoclinic twins
can develop.

8. Concluding remarks

The present paper gives a summary of the structural
phase transitions of NaOH and NaOD. In going from
orthorhombic to cubic symmetry, the OH (OD) group
approaches the behavior of a spherically symmetric
ion. As a consequence of this tendency, the layers
approach one another in the monoclinic phase and
finally collapse in the cubic transition. There is a strong
diffuse X-ray scattering with maximum intensity at the
orthorhombic to monoclinic transition temperature,
which is due to the softening of an acoustic shear mode.
A preliminary analysis has been given by Bleif, Dachs
& Knorr (1971). The study of the cubic modification
will be completed in a subsequent paper, using neutron
scattering results which will also yield the probability
density distribution of the hydrogen.
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Fig. 7. Order parameter of the orthorhombic to monoclinic
transition of NaOH powder samples.
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